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Introduction

This document provides details of the mathematical derivation of the Quasi-Geostrophic Ellipsoidal
Model (ELM). It intends to log the mathematical basis of the formulation (including full demonstrations
where available).

The document is organised as follows:

e Chapter 1 recalls the QG equations with constant Coriolis and buoyancy f and NN, as assumed in
the present model.

e Chapter 2 presents the modelling of the external streamfunction induced by a PV ellipsoid using
point vortices (singularities).

e Chapter 3 gives the hamiltonian formulation for the equations of motion for interacting ellipsoids.

e Chapter 4 explains the numerical procedure used to obtain steady states for two interacting ellip-
soids.

This ‘beta” version of the document aims only at overviewing the full, detailed equations, as used
in the codes. It does not aim at being fully pedagogic, at least in its present form. I wish this document
to be “alive” and to be improved from readers comments.

At last, [ hope you will find the current version helpful.

Jean N. Reinaud






Chapter 1

The quasi-geostrophic model

The quasi-geostrophic (QG) equations are obtained from an asymptotic expansion of Euler’s equa-
tions for e = H/L < 1, where H and L are the characteristic vertical and horizontal length scales, and
for F? << R, << 1 where F, and R, are respectively the Froude and Rossby numbers.

Using incompressibility and the fact that advection is constrained to be layerwise two-dimensional,

U= -V x &3 & u= LV (1.1)
with
0 —1 0
=1 0 0 (1.2)
0 0 O

In an adiabatic, inviscid fluid, the potential vorticity (PV) is materially conserved

dg _

=0 (1.3)

Finally, in the QG model, the streamfunction can be deduced from the PV distribution by a linear
inversion relation:

Ay =q. (1.4)

In this last equation, the vertical coordinate has been stretched by the ratio N/ f resulting in an isotropic
relation between PV distribution and streamfunction.






Chapter 2

Modelling the ellipsoid

2.1 Exact solution

The external streamfunction ,,; induced by a homogeneous ellipsoid of PV in standard position
whose axis half-lengths are a, b and c is given by (see Chandrasekhar, 1969)

Dour( L (1 v’ v’ G )du 2.1)
out\ T, Y, - - - - .
Hh \/u—i-aQ )(u+0?)(u+ c?) u+a® u+b  u+c

where ) is the largest root of the cubic equation

.TQ y2 22

=1 2.2
IR WA W @2)
and k = ¢V/(4m) = qabc/3.
Denoting
f=a*+ ) (2.3)
g=0"+ ), (2.4)
h =ct+ ), (2.5)
du
Rp(z,y,2 (2.6)
\/t—i-x )t +y)(t+2)
d
Rp(z,y,z u 2.7)

VtE+ o)t +y)t+z)3

the streamfunction can be usefully rewritten as

wout = _37,{ <RF(faga h) - é (IQRD(Q, h7 f) + y2RD(h7 fa g) + Z2RD(f,g, h))) (28)

9



where Rr and Rp are respectively the standard elliptic integrals of the first and second kind. This exact
formula has been used to test numerically the accuracy of the proposed discrete models detailed below.

2.2 Taylor expansion of the streamfunction

The streamfunction induced by a homogeneous volume V' of PV is given by the following Green’s

integral:
P(x) = —%///V ‘xdj/;,‘. (2.9)

The integrand can be expanded using Legendre’s polynomials F,:

1 1 1 x-x

— — nn

x—x/| x-x' 1 12 _§T2n+1pn( o >(TT) (2.10)
ryt-2 rr! 7+7‘_2

|

where r = |x| and 7' = |x

In our case, the volume of PV is an ellipsoid in standard position, centred at the origin and with ¢ >
b > a. (These choices do not alter the generality of the result since Poisson’s equation is mathematically
isotropic: we can always go back to this situation, in a relevant reference frame.)

We expand the streamfunction to the 6 order in 1/r. Considering the symmetry properties of an
ellipsoid, only terms in odd power in 1/r are non-zero. The three non-zero terms are:

¥ =1py+ P+ P+ O(rT) (211)
where
Yo =—2 (2.12)
r
m g (o ff o).
and

Py = —ﬁ <37‘4 /// x"*dV’ — 30r° ///(X -x')2%x"2dV' + 35 ///(X : x')4dV'> : (2.14)



We next define from the previous integrals 9 ‘position” coefficients:

MéQ)—Bx —r?

2) _ 9.2 .2
MZS)—Sy -7,
Mz(Q) =32 — 17,

3r* — 302°r* 4 3527,
M® = 3r* — 3042 + 35y%,
= 3rt — 302%r2 + 3524,
M =t = 5(a® + y*)r® + 352%y°
M) =1t —5(2® + 2%)r? + 352727,
Y =t — 5y + 22)r? + 3572

(2.15)
(2.16)
(2.17)
(2.18)
(2.19)
(2.20)
(2.21)
(2.22)
(2.23)

which only depend on the location of the point at which we evaluate the streamfunction. Note that the

M®) coefficients are of order 72 and the M® coefficients are of order r.

Only 5 of these 9 coefficients are independant since we have the 4 following algebraic relations:

MP + MP + MP) =0,
M + MY +2M{) = M,

z,Y
M® + MW +2MY) = M
MY+ M +2M{") =

) 2 Y,z z -

Introducing
n=yv b? — CLQ,
T =V —a?,

(2.24)
(2.25)
(2.26)
(2.27)

(2.28)
(2.29)

which are the focal lengths for the ellipses lying in the  — y and = — z planes, we may compute the

following 5 even, independent, moments for the ellipsoids as follows

1752) — ﬁ///gq (yl2 _ x'2) av’ = %772’
= g [ o= -
i 47“-6 /// (2" + 8y = 3a"(y + 2%)) AV’ = %n 2
A /// 43y = 32 ) AV = %Tw )

in terms of which the streamfunction can now be written as

(2.30)
(2.31)
(2.32)
(2.33)

(2.34)



Y h =y i+ + O, (2.35)

by = % (2.36)

j = QL (MO 1O + MO 1), (2.37)

by = # (MO 4+ MOTO 4+ O D) (2.38)

Then, a distribution of PV sharing the same moments 1™ will induce the same external flow (at
least to the order considered) as the ellipsoid.

2.3 An elliptic sheet of PV

We conjecture that a singular elliptical sheet distribution of PV ~, placed in the y — z plane induces
the same external streamfunction as the one from the homogeneous PV ellipsoid. The half-lengths
of the ellipse are respectively n and 7 and the PV is assumed to be radially distributed (in elliptical
coordinates) according to the law ~;:

2 2
p= % + % (2.39)
y=mnpcosh, z=rTpsind, (2.40)
Vs(z, p) = 6(z)I(p), (241)
T(p)=a(l-p"", (2.42)

where § is the Dirac distribution. We are going to demonstrate that this singular planar structure can
share the same first moments I™ as the ones of the ellipsoid, and consequently induce (at the order
considered at least) the same external streamfunction.

We first determine the coefficients o and p by enforcing that both the total circulation of the sheet

and the coefficient 1152) are the same as the ones for the ellipsoid.

Using dydz = ntpdpdf, the circulation is

27 1
ATk = m'/ / ['(p)pdpdé, (2.43)
o Jo
1
T
= 1 —u)du = 2.44
7r77704/0( u)Pdu | ( )



giving
4
a=—"(p+1). (2.45)
nr

Matching next the second moment in y, we have

2 = / / p)pdpdd, (2.46)
47m

/ / o’ oz 1 — p?)? cos? 6dodp, (2.47)
47m
n*(p+1) » n?
— = 2.48
5 /0 (1 — w)Pudu = ) (2.48)

1
using (2.45). By (2.30), we must have I2 = —n?, and therefore
g y Y 5

1

== 2.49
pP=73, (2.49)
o= (2.50)

nT
(2.51)

We can similarly verify that the second moment 1. f) is matched as well:
2
1

@ _ T _ 2.2 2.52
© Top+2) 5 (2:52)

This guarantees that the streamfunction induced by the elliptical sheet is equal to the streamfunction
of the ellipsoid at least to the 4" order in 1/r. Moreover, we can verify that the fourth order moments
are matched as well:

o Tf//‘@ﬂﬁh—wmma (2.53)
TK
27 1
1—u / 1 sin?(26)d6, (2.54)
0
with
/ 21 —udu = % (2.55)
1 2
- / sin?(20)d0 = °, (2.56)
1/, 4



leading to

3
JW = 2 2.2 2.57
W= (2.57)
And, similarly
ant o
477; / / y"'/1 = p2pdpdf — IV (2.58)
= 32% §u2\/1 - udu/ cos?(9)df — IV, (2.59)
0 0
while
27 3
/ cos*(0)dd = =, (2.60)
0 4
leading to
1(4) i(frl4 — 7’)27'2)‘ (261)
y 35
Finally;,
27
oo [ [
Y
I = 32; : §u2\/1 —udu /0 sin(#)do — 19, (2.63)
while
27 3
/ sin®(0)df = -, (2.64)
0 4
leading to
10 = 30t _ ey, (2.65)
Y 35

This means that the elliptical sheet of PV is relevant to the 6 order at least. We conjecture that this
sheet of PV is relevant at all orders, or in other words, it induces the same external streamfunction as
our ellipsoid of uniform PV.



Ellipsoid moments Elliptical sheet momments

10 oo/ K
(2)
I pio/K
I Hon/K
9 pai/K
Y (p2,0 — p1,1)/k
Iz(4) (o2 — 1)/ K

Table 2.1: Correspondance between the ellipsoid moments and the elliptical sheet moments.

2.4 Modelling the elliptic sheet

We next define sheet moments y,, ,, related to the moments 1 (k) introduced before.

P = / / p)y*"2* dydz, (2.66)

= kM s n A, (2.67)

where

1
My = 6/ PP /1 — p2dp, (2.68)
0

27
Amn = 210 / cos®™ @ sin®" d#. (2.69)
0

The correspondance between the I () moments for the ellipsoid and the y,, ,, for the ellipstic sheet
are given in table 2.1 up to p = 4.

Up tom + n = 3 we have

My =2 (2.70)

M, = % (2.71)
16

My=— 2.72

2= 3 (2.72)
32

My == 2.73

3= To5 (2.73)

and



1
Ao = 5 (2.74)
2 -2
/\1,0 = T]Z and )\0’1 = Z (275)
3yt 272 374
Az = % ;o A= 7716 and Ao = 16 (2.76)
5 6 4,7_2 27_4 57_6
Az = 3—772 ;Ao = 7732 , A= and Mgz = 37 (2.77)

To allow a fast means to evaluate the external streamfunction, we approximate the elliptic sheet by a
simple distribution of a few point vortices. Because of the two-fold symmetry properties of the elliptic
sheet (in y and z), the point vortex distribution must be symmetric as well. Then we have to ensure
that the combinations of vortices match the moments y; ; up to a certain number to reach the order of
accuracy wanted.

We use four basic combinations of point vortices combinations:

¢ A central vortex which provides one degree of freedom while ensuring the symmetry properties:
its strength (. Note that because of its central position, this vortex only contributes to the moment

Ho,0

¢ A vortex pair which provides 2 degrees of freedom : the (equal) strength of each vortex «, and
their location. Two choices are possible as the vortices can lie along either the y or the z axis. Note
that the pair contributes to moments only in one direction i.e. p; ¢ or j,; .

¢ A quartet of vortices which provides three degrees of freedom: the (equal) strength of its four
vortices k, and their location in the (y, z)-plane: y, and z,. Note that two configurations preserve
the required two-fold symmetry: quartet A in which the 4 point vortices are located at (y,,0),
(=4, 0), (0, 2,), (0, —2,) or quartet B in which the 4 point vortices are located at (y,, z4), (—¥q 24),
(Yg» —2¢), (—Yq, —24)- Note also that the quartets contribute to moments in both directions (1,0 and
to,;) but only the quartet B contributes to cross-moments (e.g. 1; ; with 7 and j # 0).

o A sextet of vortices which provides four degrees of freedom. The sextet can be seen as a quartet B
(3 degrees) plus a pair of vortices of same strength (providing an additional degree from the posi-
tion of the vortices along the y or z axis). There are again two possible configurations, depending
on location of the pair. Note that the sextet can contribute to all moments g; ;. When the pair of
vortices lies along z (longest axis), it will be referred to as sextet A, otherwise it will be referred to
as sextet B.

We now present the different models, depending on the required accuracy for the streamfunction:
Order (1/7):

At this order of accuracy, we only need to match the moment y, = . A single vortex of strength
ko = k placed at the origin is sufficient.

Order (1/73):



We now need to match 3 moments: poo = &, 11,0 = kn*/5 and po1 = £72/5. A quartet of vortices,
which provides three degrees of freedom, is a possible solution. Note that a pair and a central vortex
would also provide 3 degrees of freedom but they can only contribute to moments in one direction (the
direction of the axis on which the pair is lying), and therefore cannot be a solution to our problem.

For quartet A the equations are

which leads to

Note that the vortices lie on an elliptic ring of radius p = 1/2/5.

For quartet B the equations are

which leads to

K
K,q = Z,
2

yq = 57%
2

Zq = 57—.

K
K - —
q 47
1
yq = 5777
1
Zq = 57'.

(2.78)
(2.79)
(2.80)

(2.81)
(2.82)

(2.83)

(2.84)
(2.85)
(2.86)

(2.87)
(2.88)

(2.89)

Note that the vortices lie again along the ring of radius p = /2/5 but are now located at the elliptic

angles 7 /4, 3w /4, 5w /4 and Tr /4.

Numerical tests comparing the streamfunction obtained from these two models with the stream-
function using the exact solution (2.8) show that quartet B is slightly more accurate than quartet A, see

tigure 2.1.
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Figure 2.1: Illustration of the error (in log/log scales) for quartet A (solid line) and quartet B (dashed
line). The error is computed along the z axis for an ellipsoid witha =1, b = 2, and ¢ = 3. The PV is set
to 1.



Order 1/r°

We now need to match 6 moments: oo = &, 1,0 = K1°/5, o1 = KT2/5, pay = 3k0*/35, 1,1 =
kn?*1%/35 and oy = 3k7*/35. Three pairs of vortices provide 6 degrees of freedom. However, they
cannot be used here as they do not create any p;,; moment. Therefore we choose a combination of
7 vortices: a central vortex, a quartet B and a pair lying along the z axis. This provides 6 degrees of
freedom as well. The equations are :

Ko + 2Kp + 4Ky = K, (2.90)
4ﬁqy§ = kn?/5, (2.91)
2kpza + dkgz2 = K72 /5, (2.92)
4lfqy;1 = 3kn*/35, (2.93)
2620 + Akgz; = 3KT" /35, (2.94)
4nqy§z§ = kn*1?/35. (2.95)

Dividing (2.93) and (2.95) by (2.91) we obtain

3
Yg = \ﬁn, (2.96)

1
2=\ =T (2.97)
Then, using (2.91) we obtain
K
=—. 2.98
K’q 60 ( )
Then equations (2.92) and (2.94) give respectively
2 _ 2
kpz, = KT°[15, (2.99)
Kpz, = k7" [105. (2.100)
Then
4
2 =427 (2.101)
7
Rp = ot (= Kyq) - (2.102)

It appears that the quartet plus the pair combine into a sextet (sextet A) lying along an elliptic ring of

radius p = /4/7. Moreover neighbouring singularities are separated uniformly by an elliptic angle of
/3.
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log E

-20

logr

Figure 2.2: Illustration of the error (in log/log scales) for sextet A (solid line) and sextet B (dashed line).
The error is computed along the z axis for an ellipsoid with a =1, b = 2, and ¢ = 3. The PV is set to 1.

Finally we have from equation (2.91),

3K

K/O:E.

(2.103)

Using a pair along the y-axis instead yields the same results, rotated by 7/6 (sextet B). However, this
second configuration has been shown to be slightly less accurate, see figure 2.2 .

Order 1/r7

We now need to match 10 moments: uoo = &, 1o = £1°/5, o1 = K72/5, oo = 360*/35, p11 =
kn*72 )35, oo = 3k74/35, uso = 5kn®/105, oy = kn*r2/105, uy o = kn?7*/105 and pe 3 = 5k7°/105.

The algebra necessary to solve the problem becomes much more difficult. Then, following the pre-
vious results, we anticipate a solution that uses 2 sextets, s; and s, (each sextet lying on a ring and the
vortices being spaced by an angle of 7/3) and a central vortex, i.e. 13 vortices overall. We have tried to
use other distributions, using less singularities, but these distributions failed to match all the required
moments.

We denote u the squared radius of the ring along which the sextet s; lies and v for s,. We place the



zIC

| y/B

Figure 2.3: Sketch of the of the model with two sextets and a central vortex.

vortices of the sextet s; at elliptic angles of 0, 7/3, 27/3, 7, 47 /3 and 57 /3 (sextet B) and at 7/6, 7/2,
57/6, 7w /6, 97/6 and 117/6 for s, (sextet A), see fig. 2.3 for a sketch of the geometry.

We determine the 5 unknown variables (the three strengths «y, x5, and k,, and the two radii \/u and
\/v) describing the combination and verify that the model can match the 10 required moments.

The 10 equations are

Ko + 6(ks, + Ks,) = K, (2.104)

0 (Ks,3U + Ks,3v) = kn*/5, (2.105)

7% (K, 3U + Ky, 30) = KT2/5, (2.106)

n* (ks, (36u®/16) + ks, (3607 /16)) = 3kn* /35, (2.107)
7*(Ks, (36u?/16) + ks, (36v%/16)) = 3k7*/35, (2.108)
*72 (kg (1202 /16) + Ky, (120%/16)) = Kkn?7? /35, (2.109)
n°(ks, (33u>/64) + 4k, (270° /64)) = kn® /21, (2.110)

7% (4K, (27U /64) + 4k, (330°/64)) = k70 /21, (2.111)
012 (ks, (3u®/16) + kappas, (90 /16)) = kn*r? /105, (2.112)

n°7* (ks (9u?/16) + K4, (30 /16)) = kn?r*/105. (2.113)



As equations (2.105) and (2.106) and also (2.107), (2.108) and (2.109) are combinations of the same

equation, we can reduce the system to:

Ko + 6(ks1 + Ksy) = K,
Ks1U + Kg,v = K/15,
Ks1t? + Ky,v? = 4r/105,
33kg1u® + 27k,,v° = 16k/21,
27k s1u® + 33k,,v° = 16k/21,
kg u® + 3k4,v° = 16k/105,
3kau® + 9k,,v* = 16k/105.

(2.114)
(2.115)
(2.116)
(2.117)
(2.118)
(2.119)
(2.120)

Equations (2.117) and (2.118) imply that k,u® = k,,v? = 4k/315. Consequently, equations (2.119)

and (2.120) are automatically satisfied.

The system reduces to 5 independent nonlinear equations:

Ko + 6(Ks, + Ksy) = K,
Ks U + Kg,U = K/15,
Ko U2 + K0 = 4k/105,
ks, u® = 4k /315,
Ks,0° = 4£/315.

(2.121)
(2.122)
(2.123)
(2.124)
(2.125)

By dividing equations (2.122) and (2.123) by equation (2.124) (or equivalently (2.125)) we obtain

u v 2 =21/4,

v =3 —ul,

then g g
2
- = — =0.
U 5u+ 5

Note that u and v are solution of the same equation. We choose arbitrarily v > u:

4 2 /2
=2 2. /2~ 0.473401367629
v=3 5\/; ’
4 2 /2
=2~ 112659863237
v=g Tt 5\/; ’

and finally, using equations (2.124) and (2.125), we have

(2.126)
(2.127)

(2.128)

(2.129)

(2.130)



and

18 +194/2/3
Ky, = +T0/ ~ 0.11969083942,

18 —19+/2/3
Ksy = —/ =~ (0.00888058915143

280

1
Ko=1-— 12—8 = S =~ 0.228571428571
280 35

(2.131)

(2.132)

(2.133)






Chapter 3

The equations of motion

3.1 The basic evolution equations

The shape of any ellipsoid can be represented by a 3 x 3 symmetric matrix .4 which may be defined
as follows

A= MDM” (3.1)

A~

where M is an orthonormal rotation matrix whose columns are defined by the three unit vectors (&, b,
and ¢) lying along the three orthogonal axes of the ellipsoid,

M=(abe) (3.2)

and where D is a diagonal matrix whose diagonal terms are the inverse squared axis half-lengths:

a? 0 0
D= 0 b2 0 (3.3)
0 0 c¢2

The equation for the surface of the ellipsoid reads:

xT Ax = 1. (3.4)

supposing here that the ellipsoid is centered at the origin.

Taking the time derivative of this shape equation and assuming that the velocity field is linear on

25



the surface of the ellipsoid we have

dx
il Sx, (3.5)
diAx +x %x + TA— =0, (3.6)
(STA + déf + AS) x = 0. (3.7)

As it must hold at any point on the surface of the ellipsoid, we deduce that

%§=4§A+A&. (3.8)

Note that only a linear velocity field induces only ellipsoidal deformations.

Alternatively, we can rewrite the evolution equation in terms of B = A~! by noting that:

AB =1, (3.9)
A% %‘ : (3.10)
B_ gl an

((15 B(STA+ AS)B, (3.12)
% = BST + SB. (3.13)

This is the formulation used in ELM. Note that since M is orthogonal

B=A"'= (./\/I’D./\/IT)_1 = MEMT (3.14)
where
a2 0 0
E=D =0 ¥ 0 (3.15)
0 0 ¢

Note also that the elements of the B matrix can be deduced from ellipsoid second-order moments:

5 5
By = v / / / 2’dV, Bia= v / / / zydV, (3.16)
By=2 AV, Byy= - 2qv, (3.17)
1,3 = V xzdav, 2,2 = v ) ) .
5 5
Bu=p [[[vav Bua= [[[2av (3.18)



The other terms are obtained by symmetry. This symmetry implies that the B-matrix can be expressed
as
B, By, Bj
B = B2 B4 B5 (319)
B; Bs Bg
and below it proves useful to work with the vector

B = (B4, By, Bs, B4, Bs, Bs) (3.20)

Note that the vectors &, b, ¢ and the half-lengths a, b, c of the ellipsoid derive from the eigenproblem:

Ba = d’a (3.21)
Bb = b’b (3.22)
Be = %¢ (3.23)
indeed we have
Ba = MEMTa = MEeé, = a* Me, = d’a (3.24)
Bb = MEM™b = MEeéy = B> Mé, = b*b (3.25)
Bé = MEMTe = MEeés = PMé; = % (3.26)

where &, €, €3 are the unit vectors along the original z, y, z axes.

We may also note that from equation (3.14)

B = a*aa’ + v*bb” + 2ee’ (3.27)

3.2 Hamiltonian formulation

The Hamiltonian of the system is the scaled total energy (kinetic plus potential) which is given by:

5o L [ rwwrar =L [ff v 62

since ¢ = A1. Inverting the last expression, we have

b(x) = —% / / / ‘f(_xli,|dV' (3.29)

The evolution of the centroid (X, Y)and the shape (B) of a given ellipsoid is given by:




dX_ 1 0H (3.30)

dt Kk 0X
10 OH
—__pt 3.31
S K £ 0B ( )
with

0 -1 0

L=|1 0 0 (3.32)
0 0 O

arises from u = LV and k = ¢V/(4r) is the ‘strength’ of the vortex.

Note that the structure of £ implies that the third line of the S matrix is zero — this is a consequence
of the lack of vertical advection. Consequently, we can easily show that dBs/dt = 0. In fact, Bs = Bs 3

is the squared half-height of the vortex.
proof - shamefully stolen from Dritschel, Reinaud & McKiver (2003)
Let suppose first that the flow is linear at the boundary of the vortex (Note that, strictly speaking,

only such a flow exactly preserve the ellipsoidal shape for the vortex):
u(x,t) = U(t) + S(t)(x — X(t)) (3.33)

Therefore, the most general linear QG velocity field derives from a streamfunction of the form

w(x, 1) = F(t) - x + %XTP(t)X (334)

Let us now split ¢ into a self-induced part ¢, and a background part ¢, with F = F, and S = S,.

Ignoring the infinite energy of the background flow, we may write

H=H, +H, (3.35)

where H, is the self-induced part of the Hamiltonian,

to= o [ [[1viav = [[ [avav (3.36)

(using ¢ = V*¢,) and H, is the part due to the interaction between the background flow and the vortex,

H; = %///va Vi dV = —%///qwde. (3.37)

Let us first consider the interaction term #;. Substituting 5 from (with subscripts b on F and S),

we may readily evaluate #; as

1
H, = —/{(Fb <X + %XT,P(,X) — EKZP[; ®B (338)



where P, @ B= ), >, PyjiBBji denotes the scalar product of the two matrices.

It follows that
OH,;
X —k(Fy + PpX) (3.39)
oH; 1
B —1—0me (3.40)
and, we see that
1 ,0H;
_ _ = 41
Uu=U, mE X (3.41)
10 ,OH;
—q —_ 42

Note in particular that the background streamfunction matrix is given by

10 0%,

==

(3.43)

Next consider the self-induced part of the Hamiltonian, #,. The streamfunction inside the vortex
takes the form

Yy =C+1(x—X)"Py(x — X) (3.44)
where P, = MDMT and D is a diagonal matrix with
D1y = kRp((b?, ¢, a?) (3.45)
Dy, = kRp(c?, a®, b?) (3.46)
D33 = liRD (042, b2, 02) (347)

— Rp being the elliptic integral of the second kind — and where C'is given by

C = —;I{RF(GQ, b2, c?) (3.48)

— Ry being the elliptic integral of the first kind. This constant is required to match 1, at the boundary
of the ellipsoid with the decaying outer solution, which tends to ¢, = —k/r as 7 = |x — X| — oo . Note
that the inner solution is quadratic, so the Hamiltonian #, (3.36) can also be readily evaluated:

1
H, = ZHQRF(G,Z, b2, c?) — 2—0.%731, ® B (3.49)
_ 3.9 2 32 o2y L
=" Rr(a®,b%, ¢%) 20%37)(8)5 (3.50)
= %nQRF(az,bz,cz) (3.51)

using a’Rp (b?, %, a?) + b*Rp(c?, a?,b%) + 2Rp(a?,b%, ) = 3Rp(a?,b?, ¢?) in the last line. Now, by direct
calculation, one may show that
_ 100#H,

"k 0B

(3.52)



This gives us the Hamiltonian structure consistent with the problem.

We can show that the system conserves energy:

dH dB, oH dX; OH

a2 ®98 T At ox, (3.53)
We have

dB (97'[ T

@ o« (LPB-BP'L) o P (3.54)

and both LPB ® P and BPTL @ P = 0 for any symmetric mnatrix B any matrix P with P, 3 = P2
which is incompressibility.

dX OH

o ax < (UV.0) - (=V.U,0)=0 (3.55)

In terms of the vector B, S may be written

5 0H 10 OH 5 OH
1= 5B, Sio= & 9By Si3= PETIR (3.56)
10 OH 5 OH 5 0H
So1 = ~ % 9B, Soo =811 = "B, Sz = TR 0B,’ (3.57)
S31=0, 832=0, S33=0 (3.58)

We now focus on the part induced by the other ellipsoids. We restrict here the mathematical formu-
lation to two ellipsoids. For the general case with n, ellipsoids, we only need to repeat the summation
over all interacting vortices. Quantities associated with the first vortex are unprimed while those asso-
ciated with the second are primed. The point vortices (or singularities) introduced in chapter 1 provide
an approximation for the streamfunction and suggest a natural discrete form for the Hamiltonian :

Hy = 21:2;‘&_)( (3.59)
i=1 j

where n, is the number of vortices and n, is the number of singularities representing each vortex . The
formula can be viewed as a quadrature formula to calculate the Hamiltonian.

Note that, according to the chapter 1, the position of the singularities may be written in the generic
form

x; = X; + §inb + Ziré (3.60)

where g; and Z; are sets of constant (i.e. they are independant of [). Indeed, the singularities lies around
elliptic rings in the plane (b, ¢) whose half-lengths are respectively pn and pr with p = /32 + z2. How-
ever, 1, f), 7,and ¢ depend on /. The index [ is not mentionned to simplify the writing.



We denote

We have:

Np Np !

OH KiK;
ay ZZ 7“3-]

OH A Kk ,
ax » 7“3.J (@i — 5)
i=1 j=1
Similarly, we have
a% Np Np Kli KZ‘I] . axz
— == X; — X)) -
ox;  0x; — X ~‘877‘{) A(?Té
9B, 8B, V9B, ' ‘0B,

87713 B 8\/7?6

0B, 0B, ’
onb 1 8_7;2 i
0By 2n0By
ore  oVr2
0B, 0B’
ore 1 0r% .

n>0

o
9B,

T2>0

oc¢

9B, 2 0B, 9B,

We now calculate these partial derivatives. Starting from the eigenproblem, we have:

0Ba
0B,
oBb

0B,
oB¢

0By,

0a’a
0By,
ob?b
0By,
oc’e
0By,

(3.61)

(3.62)

(3.63)

(3.64)

(3.65)

(3.66)
(3.67)

(3.68)

(3.69)

(3.70)

(3.71)

(3.72)



jké-f-Baa—; = g—g; QZGa—gc
jkB+B;—;€ = g—gkﬁ ana—zgk
j/cé—i-Baa—gk = g—gké 0288—;
where
Ti = aa—gk
ie.

o= O OO O
SO O O oo
[=NeloBel =
_ o o O o+

Left-multiplying equations (3.73) by a, (3.74) by b”, and (3.75) by ¢’ we obtain:

a’' J.a = a” (a*T — B)aa—;c + g_;
b’ Jib = bT (VT — B)aa—;k + g—g
e’ e = e’ (T — B)aa—;k + g—gc
with
a7 (a*T -~ B) =0
b" (T — B) =0

since this is exactly the eigenproblem (here transposed).

o= O O OO
N~ —

RN

Il
RS

O OO = OO

SO O O oo

_—o o OO

(3.73)

(3.74)

(3.75)

(3.76)

(3.77)

(3.78)

(3.79)

(3.80)

(3.81)

(3.82)
(3.83)
(3.84)



Finally:

da> .

a—gk —aT J,4 (3.85)

2 . -

7B, = b’ J:b (3.86)
2

% =T g8 (3.87)
k

We also multiply equation (3.73) by b” and ¢”, equation (3.74) by 47 and ¢” and equation (3.75) by
4" and b” to obtain (using again the eigenproblem):

oa

T 21T —
b’ Jwa + n°b 9B, =0 (3.88)
oa
T 2T
Jra+ ¢ B, =0 (3.89)
N 6b
AT _ 24 -
a’ 7,b — n?a’ 9B, 0 (3.90)
db
eTTb+ 2T T — 3.91
Jib +¢§ B, 0 ( )
o0¢
3T 7 & — 7257 _
a Jye—T17a 9B, =0 (3.92)
~ o0c¢
T 7 A 2T _
b* J.¢ — fb 6Bk =0 (3.93)
(3.94)
where
E=Ve—b? (3.95)

Since the vectors a, b, and ¢ are unit vectors, their derivative are perpendicular to them. We pose

0a ~ R
ap, = NP+ Aast (3.96)
ob
aBk = /\bla + )\b3C (397)
oc¢ . .
9B, = Aaad+ A\pcC (3.98)

which leads to



b T + 7 hes = (3.99)

élecé + 7—2)\a3 =0 (3100)
&' Jib ="M =0 (3.101)
&' b + N3 = 0 (3.102)
' Jit —m°Aa =0 (3.103)
b7k = A2 = 0 (3.104)
so finally
oa 1 op o 1o
dB), _ﬁ(b Jra)b — (¢ Jpa)e (3.105)
db 1,. 1 .
a—Bk = F(aTka)a — g(chkb)c (3.106)
oc | P RPUSEA
9B, ;(aTch)a + g(ijkc)b (3.107)
b 1 (1 cp o e
3%10 = <§(bTka —a’'J,a)b + (aTka)a) — %(chkb)c (3.108)
S%C = % (%(éTJké —a' Jra)e + (éTJké)é) - g—Z(f)TJké)B (3.109)
k

which complete the set of required equations. Note that, since most of the terms of the J, matrices are
zero, the scalars a” J;4, etc... are explicitely developed in the codes, as follows

x" iy =z, x?T Joy = T1ys + Toy1, (3.110)
XTJ:;Y = T1Y3 + T3Y1, XTﬂy = oo, (3.111)
X" Jsy = Tays + Tays, X! oy = x3ys. (3.112)

3.3 Conserved quantities

3.3.1 Angular impulse

The scaled angular impulse is defined by

J= % / / / qp?dV (3.113)



where p = (z,y)

For a given ellipsoid :

J=k (X2 +Y?% 4+ / / / (#° +9°) dV) (3.114)

where X = x — X, i.e. the coordinates relative to the centre of the ellipsoid. But this is simply

1

3.3.2 Energy

The scaled total energy is the Hamiltonian of the system. The interaction energy is then H;. The
self-induced energy is calculated from

H, = 8%// |V, [2dV = —%/// q,dV = —%%///w,,dv (3.116)

Note that this is a volume integral of a scalar function. It therefore does not depend on the reference
frame in which it is evaluated. For sake of simplicity we adopt a reference frame in which the ellipsoid
is centred at the origin and in standard position. Then

1
y = o + 5" (Rp(b*,¢%, a®)z* + Rp(c®,a®,b°)y* + Rp(a®, b%, ¢*)2%) (3.117)

with ;
o = =5 kRe(a”, 0%, ) (3.118)

being an integration constant. Finally

2
%v - % /// (3RF(0’2’ b21 02) - (RD (b27 C2a aQ)x2 + RD (027 a2’ bQ)yZ + RD(aQ’ bQ’ 02)22)) (3119)

1

H, = 7K (3RF(a2, v, c?) - (Rp(b?, %, a%)a*> + Rp(c®,a®,b*)b” + Rp(a®, b7, 62)02)> (3.120)






Chapter 4

Steady States

4.1 Full (ill-posed) problem

We first present the approach used to compute steady, or equilibrium states. The approach is in
some ways similar to the one used for computing the equilibrium states using the full equations of
Contour Dynamics. The first statement to make is that we aim at solving the equation

% =BST +SB=0 (4.1)

for each vortex in the proper rotating reference frame (in which dX/dt = 0).

Sl,l 81,2 81,3
S: 82’1 —81’1 8273 (4:2)

The general form of S is

0 0 0

The simpliest way to compute steady states is to fix the centroid position of the two vortices and find
the two B matrices such that (4.1) is verified. Equation (4.1) is non-linear since both S matrices depend
on BOTH vortices. We solve the non-linear problem using a linear iterative method. Starting for a guess
for an equilibrium state, we first calculate the velocities of the centroid (in the reference frame anchored
at the global centroid of the two vortices). This provides us an estimation of the rotation rate of the two
vortices:

(4.3)

1 XV -YU XV’ Yy'u!
§Z X2 4 Y?2 X2 yyr
1=1

where U,V = u(X,Y). We also compute the S matrix for both vortices. The obove rotation must be
included in the matrices since we adopt a reference frame rotating with the vortices. This results in

S=8 -0, (4.4)

37



where S is the flow matrix without rotation.

Then, letting S be fixed during the iteration, we calculate B. In other words, during one iteration, we
ignore the implicit change of S while correcting the coefficients of B. As B is symmetric and B; 3 = Bg
does not change in quasi-geostrophic flows there are only 5 independent coefficients (B;, Bz, Bs, B4, Bs)
for each vortex. Moreover, since the two matrices S are first calculated for given B matrices, the equa-
tion (4.1) can be solved independently for each vortex.

This equation is equivalent to the following 5 x 5-system:

81,1 5172 81,3 0 0 B1 0

82,1 0 52,3 31,2 51,3 B, 0
0 0 & 0 Si2 By | = | —BsSi3 (4.5)
0 52,1 0 —8171 82’3 B4 0
0 0 8271 0 —81’1 B5 —B682,3

Let S be the 5 x 5 matrix above. We next compute the determinant of S to check if it can be inverted:

0 83 Sip Sig Si2 Si3 0 0
5 0 &,: O Sio 0 S O Sio
det(S) =8 ’ <=8 ' ’ 4.6
e(S) L1 ¥ S 0 =S S 21 % S 0 =S S (46)
0 82,1 0 —81,1 0 82,1 0 —81,1
~ S23 Si2 Si
det(S) = S11.801 % S11 0 Sip
S 0 =S
Si2 Si3 0
+81 Sk 0 Sii Sip (4.7)
0 S, —=Sia
det(S) = 811.82,1.(S15-So1 + 87 1.812) + S21.811.(—871.812 — 815.821) =0 (4.8)

The system cannot be inverted. We have to remove one of the equations and add a new constraint.
The natural one is volume conservation, introduced below. First however we look, for a 4 x4 sub-system
that can be inverted by removing one equation and checking the determinant of the sub-system.

4.2 Extracting a subsystem

4.2.1 Removing the first equation

The system becomes

0 83 Sip Sis B, B8y,
0 &, 0 Si2 By | _ | —BsSis (4.9)
S 0 =81 S B, 0 '

)

0 82,1 0 _81,1 BS _3682,3



So3 Sip Sia
S, 0 Si2
S 0 =&

det(S) = 82,1 = 827181,2(81728271 + 812,1)

which is generally non-zero.

4.2.2 Removing the second equation

The system becomes

Si1 Sis 0 0 B, —BySi 9
0 &, 0 Sip Bs _ —BsSi 3
0 0 =Si1 S B, —By55,1
0 S: 0 =& Bs —BsSo 3
. Si1 0 Sio
d@t(S) = 81 1 0 —(51’1 82,3 = 812,1(812,1 + 81,282,1)
o1 0 -8
which is generally non-zero.
4.2.3 Removing the third equation
The system becomes
Si1 S22 0 0 B, —B3S 3
S 0 Si2  Sig B, _ —B385 3
0 S =Sin S B, 0
0 0 0 =81 Bs —B3851 — BSa3
R Si1 Sip 0
det(S) = —81,1 82’1 0 81’2 = —812’1 (81,282,1 — 817282,1) - 0
0 81 =S

The third equation must therefore be retained.

4.24 Removing the fourth equation

The system becomes

Sip Sip Sz 0 B 0
S 0 Sz Sis By | _ | —BiSip
0 0 Sip Sie Bs —BsS1 3

’

0 0 82’1 —81 1 B5 _B681,3

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)



N 82,1 82,3 81,3
det(S) = —8172 0 81,1 81,2 = 81,2.652’1 (812,1 + 82,181’2)
0 82,1 181,1

which is generally non-zero.

4.2.5 Removing the fifth equation

The system becomes

S0 Sip Sz 0 B, 0
St 0 So3 Sig By | _ —B5S13
0 0 81,1 0 Bs —B581’2 — B681’3
0 S 0 =8ia B, —B58553
~ 0 S3 Sip Si2 Si 0
det(S) :81,1 0 81,1 0 — 82,1 0 81’1 0
S 0 =S S 0 =S

= —812’1.81,2.82’1 + 812’1.51’2.82’1 =0

he third equation must therefore be retained.

In practice, we have chosen to remove the first equation, but other choices are possible.

4.3 Volume conservation

(4.16)

(4.17)

(4.18)

(4.19)

We now need a fifth equation to complete the system. We enforce volume conservation, at least its

linearised approximation. Note that the volume of an ellipsoid is

Amabe
V= 3
while
det(B) = det(£) = (abc)?
with

det(B) = B]_B4B6 + 2BQB5B3 — B§B4 — BgB]_ — BSBG

(4.20)

(4.21)

(4.22)



Let’s call B the estimate for B in the previous iteration and B the correction to add:

B1=B;1+B;1 32:?2-1-1:32
B3=Bi3+3iz B4:§4+B4
Bs = Bs + Bs Bg = Bs

To the first order in the corrections, we have:

det(B) >~ det(B) + (B4B6 — Bg)él + 2(B5B3 — BsBQ)BQ
+2(B5BQ - B4B3)Bg + (BIBfS - Bg)le + Q(BQB:J, - BlB5)B5 = (abc)2 (424:)

Reintroducing B = B+ B:

(B4B6 — Bg)Bl + 2(B5B3 — BGBQ)BQ + 2( _5B2 — B4Bg)B3
+(BIB6 - Bg)B;; + 2(3233 - 3135)B5 = (CLbC)2 - BGBS
+2ByB3Bs — B4 B: + B1BsBy + 2By B3 By — 2B, B2 (4.25)

which provides the fifth equation for the system.

This scheme works for any strength ratio between the two vortices EXCEPT when the ratio is ex-
actly —1. In this situation, the vortices do not rotate but translate (in fact the center of the rotation
which the global centroid is at infinity). We have to slightly modify the existing code for this particular
configuration.

4.4 Using the gap as a parameter

In the previous version, the centroid positions are fixed and we iterate on the B matrices. Never-
theless, when dealing with like-signed vortices the centroid separation is not monotonic when looking
at a full branch of solutions. The gap however is monotonic in all cases studied. We have developed a
new set of equations for which the gap is fixed and both the centroid positions and B are modified.

In practice, we know that we can neglect the implicit change of S while correcting B during an
iteration. However, this is not possible for X. Neglecting the variations of S as X is corrected causes
the procedure to diverge. Besides dS,(vortex1)/dX(vortex 2) # 0. The problem is now coupled for the
two vortices. We again use the unprimed /primed notations to distinguish vortex 1 form vortex 2.

The vortices are aligned along the z-axis (i.e. Y = Y’ = 0). By convention, vortex 2 has a positive
abscissa, vortex 1 has a negative one (in the cases where this algorithm is used — i.e. co-rotating
vortices)

The centroid position correction is linked to the change in the B matrices since we want to impose
the gap. The gap between the two vortices is

A=(X'-/Bj) - (X-VBy) (4.26)



The relationship between the gap and B;, B] is non-linear. We therefore linearize it with respect to
the correction B; and B!. This is the second main difference with the previous version of the procedure.
The matrix problem to solve will now be expressed in terms of the corrections on B rather than in terms
of the B coefficients themselves.

We wrrite:
By = (X — A)? (4.27)
B+ B =(X+X-A)? (4.28)
Bi+B =(X-A?+2(X-A)X (4.29)
. B — (X —-A)? B,
X = A _ 4.30
(X —A) 2AX—A) (4.30)
respectively,
B B — (X'/ . A)2 B/
=1 2 _1 431
2X'—A) 22X —A) (431)
We now derive the linearised equations to solve by expanding (4.1) as follows:
= oSt . oS8T oS -~ 0S; - =
T e ! T e 1 ! —
(B+ B) (8 +6XX+6X'X)+<8 +8XX+6X’X>(B+B) 0 (4.32)
S oS8T . 08T 08" -, 08" =\ .5 &
! ! T ' T ! - ! N _—
(B +B)<S +8X'X+ aXX)+(8 +6X'X +8XX)(B +B)=0 (4.33)
where S, S’ and their derivatives are evaluated using X, X', B and B'.
Recall that § = —Eﬁa—}t. Then, since
k 0B
O*H AN 0% (e (@i 7)) (i — X))
— i 4.34
axoB, ~ 2 22" "igp, <7~.3. & " ) (4.34)
i=1 j=1 L) %)
and
0*H 0*H
— _ 4.
0X'0By, 0X 0By, (435
2
and similarly for XD by swapping unprimed and primed notations, we have
k
! !
oS 08 S _ oS (4.36)

X~ 9X” X X



We denote

1 , 1
A\ EE-ay M Tamon
_Bi-(X-AP Bi—(X'-A)
22X -4A) 7 O 2(X'=A)
s 08 ., . ,08 a8
T—S"‘Cka—X—CMa—X, T—S"‘CMaX’ OjaX
s as .., 88T s
u:Ba—X+8—XB’ u_BaX’+8X'B

Then, the equations are:

BTT +TB, + B\ —BNU=—-BT"' —TB
B/T/T + 7-/[;)/ 4 Bl)\/u/ _ B{)\L{' — _B/T/T _ TIB,

This can be recast in a 10 x 10-matrix problem.

where

and

CB* =D
B* = (Bla B2: B?n B4: B57 Bia Béa Bil’,a Bz,}: Bé)
C =

[T+ 2Tip 2Ts 0 0 XUy 00

Top + Ao 0 Taz  Tip Ti3 —ANU 5 0 0

AU 3 0 Tiq 0 Ti2 Ny 3 0 0

AU o 27500 0 =2Ti1 273 —ANUs o 0 0

AU 3 072, 0 —Tiq AUy 3 0 0
SNAL, 0000 T+ NUL, 2T7, 2T
AL, 0 0 0 0 T +NU, 0 T
AL, 0 0 0 0 UL, 0 T

N, 0 00 0 NUL, 2T, 0
\ M4, 0 0 0 0 N, (0

and

0 0
0 0
0 0
0 0
0 0
0 0
7 )
1,2 1,3
0 1',2
=271 2754
0 =T

(4.37)
(4.38)

(4.39)

(4.40)

(4.41)
(4.42)

(4.43)

(4.44)

(4.45)



D*

(

2£71,1Bl +_71,2BQ +_71,3B3) ~ \
TonBi + To3Bs + Ti 2By + T 3B5
T1,1Bs + Ti2Bs + T1,3Bs
2(T21 B2 — Tia By + To3Bs)
T21Bs — Ti1Bs + T2,3Bs
2(T) B + T!, By + T{ 3 Bs)
2’,131 +ﬁC3B§ +:7?,2§z'1 +:7Y,3Bé
1183 + T2 Bs + T{ 3 Bg
2(Ty By — T By + 733 Bs)

) ! ) ! ) !
2,1B3 - 1,1B5 + 7;,3B6

(4.46)

Again, two equations are suppressed (the first and sixth ones) and are replaced by volume conser-
vation for both vortices. In terms of corrections, these equations read:

(B4B6 - Bg)Bl + 2(3533 — BGBQ)BQ + 2(B5B2 — 3433)33
+(B1B6 — Bg)é;; + Q(Bgég — 31B5)B5 = (abc)2 - det(B)

and similarly for B.

(4.47)



